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We examine a sequential mechanism which is a simple modification of the normal
form mechanism introduced by Abreu and Matsushima (1992). We show that almost any
social choice function can be virtually implemented via a finite sequential game of perfect
information. The solution concept assumed is backwards induction. In particular, any social
choice function that is virtually implementable via the Abreu—Matsushima mechanism is
also virtually implementable by a sequential mechanidwornal of Economic Literature
Classification Number: C72. © 1996 Academic Press, Inc.

INTRODUCTION

Implementation theory has come a long way since the pioneering contrib
tions of Hurwicz (1972), Gibbard (1973), Satterthwaite (1975), Maskin (1977)
and others. The fundamental question addressed in this literature is that of wh
social choice functions are implementable and under what assumptions. Wh
the first results in this area were mostly negative (e.g., Satterthwaite, 197
and Gibbard, 1973, for implementation in dominant strategies), research h
taken a somewhat different and more positive direction in recent years. Starti
with Maskin (1977), who gave necessary and sufficient conditions for Nash in
plementation, researchers have studied implementation problems under vari
solution concepts. See Moore (1991) and Repullo (1990) for a comprehensi
survey of this literature.

However, most of the mechanisms suggested by the literature were very co
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plicated and relied on unlikely actions taken by the agents. It was recognize
early on that if implementation theory was to have any relevance in real-life
applications, researchers would have to focus their efforts, looking for mecha
nisms that are simple and, at the same time, supported by a convincing solutic
concept. (See, for example, Jackson (1992).)

In a recent stimulating paper, Abreu and Matsushima (1992) made an impo
tant step in this direction. They showed that almost any social choice functiol
is virtually implementable (see also Abreu and Sen, 1991, for earlier results o
this issue). Moreover, the mechanism they suggested, hereafter referred to as:
A—-M mechanism, was very simple and utilized a very strong solution concept
iterative elimination of strictly dominated strategies. Thus, by moving from ex-
act to virtual implementation, a relatively minor loss, the mechanism is both
simplified and strengthened significantly.

Our paper goes one step further in simplifying the mechanism and strengtt
ening the solution concept. In Abreu and Matsushima (1992) it is essential the
players do not observe each other’s reports upon submitting their own report
Thus, players must move simultaneously. We examine which social choice func
tions can be virtually implemented when players cannot make simultaneou
moves. In other words, we analyze a finite game of perfect information in whick
players’ reports cannot be hidden. (These mechanisms are sometimes referr
to as sequential mechanisms.)

We show that almost any social choice function can be virtually implementec
via a sequential mechanism, where the solution concept assumed is subgal
perfect equilibrium. lote We use the terms “subgame perfect equilibrium”
and “backwards induction” interchangeably.) In particular, any social choice
function that is virtually implementable via the A—M mechanism is also virtually
implementable by a sequential mechanism.

Sequential mechanisms are interesting for several reasons. First and foremo
sequential mechanisms, with backwards induction as their solution concep
seem to be more intuitive and simpler to understand than their simultaneot
counterparts. Second, most of the mechanisms in which players are asked
submit their reports simultaneously will not work if, instead, some of the players
move sequentially, each getting to observe all reports of all the agents precedir
him, before submitting his own report to the planner. In many real-life situations,
it is difficult for the planner to ensure “secrecy” (especially in cases whereitisin
the players’ interest to reveal their information). On the other hand, the planne
can always commit to asking the players to submit their report sequentially an
to reveal each report’s content upon its arrival.

Finally, on a theoretical level, one may ask whether the restriction of allowable
mechanisms to sequential ones reduces the set of social choice functions tt
can be implemented and, if so, to what extent.

The sequential mechanism we suggest is a simple modification of the norm:
form mechanism introduced by Abreu and Matsushima (1992). Although we
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have attempted to keep our model self-contained, we would encourage the reg
who has not yet done so to first read their paper before studying ours.

SETUP

LetN = {1, 2, ..., n} denote the set of players and denotelpya finite set
of types for player, i € N. The set of pure social alternatives is denotedtby
andA (A) denotes the set of all probability distributions overin this context,

a € Adenotes a pure social alternative arel A(A) denotes a lottery o,

The utility function of playei over the sefA is denoted by;: ¥; x A — R,
whereu; (i, a) specifies the utility of player from the social alternative,
when he is of type);. Playeri’s utility from a lotteryl € A(A) isU; (¢;,1) =
E [ui (¥i, @)]. We assume that; is not a constant function and that for any
U ! e Wi, W # ¢, ui (Y, -) is not a linear transformation of (", -).

A social choice function is a mapping. ¥ — A(A), where¥ = W3 x W, x
NS \Ijn‘

For simplicity we assume a full domain of preferences. Assume that the pre
erences profiley € W is common knowledge among the players. A sequentia
mechanism is a complete information game form, denotedbyg), whereg
assigns to each strategy profile in the tfea probability distribution € A(A).

THEOREM. Suppose that n> 2. Then for any social choice function X
ande > 0, there exists a sequential mechanism for which the unique subgan
perfect equilibrium is such that for every profile of tygeghe alternative Xr)
is chosen with probability of at leagt— «.

Proof. Assume some social choice functidnand some > 0. The propo-
sition is proved by construction of a mechanism.

To simplify the exposition we assume that the planner can fine every player
i € N by an amount; € R, wheret; < t, for somet > 0. We also assume that
playeri’s VNM utility from a transfeit; and a lottery € A(A) isU; (¢, 1, ) =
E[ui (i, a)] —t;. We restrict ourselves to mechanisms in which the only mone)
transfers allowed are from the players to the planner. The introduction of fine
is made for the sake of simplicity. We shall return to this point after presentin
the mechanism. It is important to notice that we make no assumption about t
size oft, except that it is greater than zero.

A sequential mechanism, in this setup, is a complete information game for
(T, g), whereg assigns to each strategy profildima pair(l, t), wherd € A(A),
t=(, 1, ..., 1), and 0< < f.

The Sequential MechanismThe game is played iK + 1 stages. In each stage
h,h=1,..., K, each of then players announces avecmF € ¥, whichis a
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profile of types for then players. In stag& + 1 each player announces only
a type for himselfm** € w;. Letm**+1 = (m+2 m§+2 ... mK+1), be the
profile obtained from the messages in st&ge- 1. In each of the&K + 1 stages
the players movesequentially player 1 moves first, player 2 moves second,
etc. Each player is aware of all previous announcements of all players (i.e
all announcements made in previous stages as well as those made by previc
players in the current stage). Thus, this is a gamgeofect information

We can now discuss the planner’s choice of alternative and fines given a pla
of the game. The planner’s decision is similar to the one in the A—M mechanisn
with two modifications, (i) there exists ontnetype of punishment (instead of
the two as in A—M), and (i) théast player to disagree with the profile obtained
from the(K + 1)-st announcement is punished (instead of the first one in A—M).

For each player € N, construct a functiorf;: W; — A(A) such that for all
Vi € W,

Ui, fi(i) — Ui, fi(y)) >0 forallyy # .

Such a function always exists, in this setup, as was shown by Abreu and Ma

sushima (1992).
Choose som@ so that

0<A<U i) — Ui, fiy))  foralli, yi andyy # v
Let

£ = max [Ui(yi, X(¥) — Ui (i, X)),

ieN;yieWiy/,yev
Choose an integef and a fines > 0 such that
&IK < 8§ < min{eAln, t}.

We are now ready to specify the functigrthat assigns for each strategy profile
inT apair(1,t). Foreach stagk,h =1, ..., K, a probability of(1 — ¢)/K is
assigned toX (y) if mih = ¢, for at leasin — 1 players; otherwise a probability
of (1—¢)/K is assigned to some arbitrarily chosen alternatiMa addition, for
i =1,...,n, aprobability ofe/n is assigned td; (m* ™).

Finally, the mechanism fines at most one player: If playisrthe last one to
disagree with the profile obtained in stager 1, then player is fined bys, i.e.,
if and only if, for someh € 1,..., K andi € N nf' # mK+1 butm]h = mK+1,

forall j > i,andfork > h' > h, m}‘ =mf+iforj =1,...,n,thent = 6.
IMPLEMENTATION
Let ¢ be the true profile of types. First note that if in each sthgld =

1,..., K, each of then players announces the true vectaf, = v, thenX (¢,
is implemented with probability of at least-1¢.
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Next, we will show that truth telling is the unique subgame perfect equilibriun
strategy in this game. Consider playes choice in stag + 1, and note that
this is the last move in the game trEeAnnouncing anymK+1 = v, will cost
him at least A/n (in terms of reducing his expected utility) and will save him at
mosts. Sinces < e A/n, truth telling is the best move for playerat this stage.
Having proved this for player, we can move backwards and prove by induction
that the same holds for every£ n at stageK + 1. We have thus established that
in any subgame perfect equilibrium, the profjlds obtained in stag& + 1.

Consider now playenth decision in stag&. Leth’ = maxh | ml # W} if
for someh, mﬂ # W, otherwise, leh’ = 0.

There are three cases to examine:

(i) foralli,j ¢n mf =mK;
(ii) there exist i, j,h ¢ nsuchthat m # mf # mft # mf, and
(iii) there exists somg # nsuchthatforall,h # jandi,h#n mK =
K K
my # myp.

In the first two cases (i) and (i), playerfs choice at stag& will not affect
the social alternative chosen in this stage. Let us consider each of the three ce
separately.

Case(i). If " =0, orh’ > 0 but for somé’ < h < K mih #+ i fori #n,
playern will be fineds if at this stagemX # v. If, insteadmK = v, playern
will not be fined. On the other hand,tif > 0 and for allh > h', m!' = v/, then
playernis fined bys, regardless of his report. Consequently, he is just indifferen
betweermK = ¢ andmK # .

Case(ii). Playem will be fineds if he reportamk = v; he will not be fined
at all if he reportsnk = .

Case(iii). In this casen’s choice may determine the alternative selected a
this stage. Given what we know about stdge+ 1, announcingnk # v will
cost hims, while his maximum potential gain§&K . Sincet/K < § announcing
the truth is the dominant move for playein stageK .

We conclude, therefore, that at stalgethere are only two possibilities for
playern; if he is not the last one to lie along the history up to this point, he is
strictly better off telling the truth, and otherwise, he is indifferent between telling
the truth and lying.

We can now complete the proof by inducting oniadl N, i # n in stageK,
and then on all stagds h < K, using exactly the same arguments. Note that
at the empty history (before the beginning of the game), playemN has not
lied, therefore, at stage= 1, and given the continuation of the game, he is not
indifferent between telling the truth and lying, and the only best response f
him is to tell the truth.
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Finally, we discuss how our mechanism can be modified to fit into the initial
environment where monetary fines are not allowed. We shall only present th
basic idea; for a complete proof the reader is referred to Abreu and Matsushim
(1992). Notice first that in the mechanism above, the only payments made wel
from the agents to the planner and furthermore the size of these payments col
be made arbitrarily small, since we only required théte greater than zero.
When monetary fines are not possible, the planner can punish the players |
reducing the probability he assigned to the alternative “chosen” at ktagé.

That is, in each case in which some playeras fined by some amoutytin the
above mechanism, he will now be fined by reducing the probability the planne
assigns to the alternativfe(mi'(*l), instead. It can be shown that the size of these
punishments can be adjusted so as to be as effective as the monetary fines in
original mechanism.

REFERENCES

Abreu, D., and Matsushima, H. (1992). “Virtual Implementation in Iterative Undominated Strategies:
Complete Information,Econometrica60, 993-1108.

Abreu, D., and Sen, A. (1991). “Virtual Implementation in Nash EquilibriuBs¢onometrica59,
997-1021.

Gibbard, A. (1973). “Manipulation of Voting Schemes: A General ResHttgnometricatl, 587-602.

Hurwicz, L. (1972). “On Informationally Decentralized Systems,”Decision and Organization
(R. Radner and C. B. McGuire, Eds.). Amsterdam: North-Holland.

Jackson, M. (1992). Implementation of Undominated Strategies: A Look at Bounded Mechanisms,
Review of Economic Studiés.

Maskin, E. (1977). “Nash Equilibrium and Welfare Optimality,” memo, MIT.

Moore, J. (1991). “Implementation, Contracts and Renegotiation in Environments with Complete
Information,” in Advances in Economic Theorroceedings of the Sixth World Congress of the
Econometric Societ{d.-J. Laffont, Ed.). Cambridge: Cambridge Univ. Press.

Repullo, R. (1990). “Lecture Notes on Incentive Theory,” unpublished manuscript.

Satterthwaite, M. (1975). “Strategy-Proofness and Arrow’s Conditions: Existence and Correspondenc
Theorems for Voting Procedures and Social Welfare Functidngton Theory10, 187-217.



