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Abstract

While auction research, including asymmetric auctions, has grown
significantly in recent years, there is still little analytical solutions of
first-price auctions outside the symmetric case. Even in the uniform
case, Griesmer et al. (1967) and Plum (1992) find solutions only to the
case where the lower bounds of the two distributions are the same. We
present the general analytical solutions to asymmetric auctions in the
uniform case for two bidders, both with and without a minimum bid.
We show that our solution is consistent with the previously known
solutions of auctions with uniform distributions. Several interesting
examples are presented including a class where the two bid functions
are linear. We hope this result improves our understanding of auctions
and provides a useful tool for future research in auctions.

1 Introduction

While auction research, including asymmetric auctions, has grown signifi-
cantly in recent years, there is still little analytical solutions of first-price
auctions outside the symmetric case. Surprisingly, the main existing result
goes back to Griesmer et al. (1967) who study the following two distributions
Vi ~ U[0,1], Vo ~ UJ0, f] and find solutions

B 2032

Ul(b) - 62 . b2(1 _ 62)
2
va(b) = 2003

B+ 02 (1 - %)
*Dept. of Economics, University of Exeter, UK.
fThe Center for the Study of Rationality, The Hebrew University, Jerusalem, Israel.




This result was later used by Lebrun (1998, 1999), Maskin & Riley (2000),
and Cantillon (2002).

Plum (1992) extends this analytical result to cover the power distribution

Fi(z) = 2" and Fy(z) = (%)u Note that these again, have the same lower

bound for the support of the two distributions.!

In this paper, we present the general analytical solutions to asymmetric
auctions in the uniform case for two buyers (on an interval), both with and
without a minimum bid. We show that our solution is consistent with the
previously known solutions of auctions with uniform distributions. As we
explain later, our solution also covers the general case of uniform distributions
with atoms at the lower end of the interval. Several interesting examples are
presented including a class where both bid functions are linear. We hope this
result improves our understanding of auctions and provides a useful tool for
future research in auctions.

2 The Model

We consider two general uniform distributions (on intervals): Ulv,, 7] for
buyer 1 and the other U vy, U] for buyer 2 (where —oo < vy, 71, v,, Vs < 00, a8
clearly a uniform distribution is of finite support.) Without loss of generality,
assume that v; < v,. We allow for the possibility of a minimum bid m which
is assumed to be finite, to ensure that bids are bounded from below. The
fact that the bids are bounded from below imply that no buyer wins by
bidding less than v, (the argument for that is similar to one made by Kaplan
& Wettstein, 2000).2 In particular, in equilibrium, there is no bid b lower
than v,. Consequently, we shall assume from now on and without loss of
generality, that m > v;.

Notice when m > min{v;, 7>}, we have the trivial equilibrium of at most
one buyer placing a bid at m. In addition, if v, > 2v; — v,, then any Nash
equilibrium must have buyer 2 always bidding 7; (and hence always wins the

IFor presentation purposes, we have normalized here the first bidder’s distribution to
be on [0,1]. The key is that for both Griesmer et al. (1967) and Plum (1992) the lower
end of the support of the distributions is the same while the asymmetry is derived from
different higher end points of the support.

2The argument is along the following lines and by contradiction. Assume that there is
a minimum bid m and that bidding below v, has strictly positive probability of winning.
From this, bidders must have strictly positive profits for all values including v,. Take b*
as the minimum possible equilibrium bid. The bidder bidding b* must have a no chance
of winning since if not a slight increase in bid will yield a discrete jump in probability of
winning. Since he has no chance of winning bidding b*, it follows that the bidder has zero
expected profits, providing a contradiction.



object at price 71). After eliminating these cases, the following conditions
hold for all remaining possibilities are at the intersection of the following
conditions:
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In this region, we now look for strictly monotone, differentiable equilib-
rium bid functions by (v) and by(v). Denote the inverses of these bid functions
as v1(b) with support [b;, b;] and vy(b) with support [by, by]. Assume that (in
equilibrium) a buyer with zero probability of winning bids his value (this in-
cludes any value below m).? In equilibrium, denote by (b, b] the region where
if a buyer submits a bid, he has a strictly positive probablity of winning. It
must be the case that b, = by = b (otherwise, one buyer can lower the bid
without changing the probability of winning) and that b; < max{b,, m} = b.
(Since any bid b is such that b > v, and no one bids above one’s value we
have b, = v,. Consequently, b; < b, and b; < max{b,, m}.)

First, solve for b when m = v,. In the interval [b, b], buyer 2 with value
vy solves the following maximization problem
v1(b) — v,

mgx(ﬂ)(w b)

Below b buyer 1 bids his value, thus when vy = v5(b), the following must
hold for buyer 2’s choice of b. Buyer 2 with value v9(b) must not benefit from
bidding less than b:

(b— 1) (va(b) =b) = (b —v,)(v2(b) =), Vb <D

This is true only if b < yﬁTw@ Similarly buyer 2 with value vy(b) does

not benefit from bidding more than b:

3Without this assumption a bidder with value v, who in equilibrium, has a zero prob-
ability of winning, can sometimes be bidding more than his value. Formally, this could
still be part of a Bayes-Nash equilibrium and can have a different allocation than other
Bayes-Nash equilibria. Such equilibria can be eliminated, for example, by a trembling-
hand argument: assuming that each bidder ¢ bids with positive density on [v;,7;]. While
a bidder bidding below his value when he has a zero probability of winning can also be
supported in a Bayes-Nash equilibrium, the allocation is the same as the Bayes-Nash
equilibrium where they bid their value. Hence, we may eliminate these for simplicity.



(b — ) (v2(b) = b) = (v1(b) — v;)(v2(b) = b), Vb =b.

However since v1(b) > b, we have

(b — vy)(v2(b) = b) = (b—vy)(v2(b) = b), Vb =0
v;+v2(b v, +v2

This can happen only if b > == ), therefore b = == ®  Since m = Vq,
by, > vy = m implying b, = b, we have vs(b) = vy(b,) = v,. Thus,

[_): T (1)

With a minimum bid m, by definition b > m. If m < yl%, the above
still holds. If m > ©322 then we have b = m (the first constraint from above
is not necessary and the second constraint is satisfied). Therefore,

V1 + U,

b= maX{T,m}. (2)

In the interval [b,b], the functions v;(b) and ve(b) must satisfy (by the
first-order conditions of the maximization problems)

v () (v2(0) = b) = vi(b) — 1y (3)
vy(b)(vi(b) =) = wa(b) — v,

Adding these equations together yields

Vi (0)v2(b) + v (b)vr (b) = [(01(b) + v2(b) — (v1 +v,))0)

vi(b) - va(b) = bvi(b) +va(b)) — (v +wp) - b+ ¢ (4)

Let us look now at the boundary conditions. As we noted above, b belongs
to [vy,71]. Furthermore, if m > v,, then b = m. We must have, in equilibrium,
the following

B1 v1(b) = b (recall that a buyer bids his value when his probability of
winning is zero).

B2 wy(b) = max{vy, m} (this is the mininum value giving buyer 2 a positive
probability of winning).



B3 vy(b) = 71 and vy(b) = Ty (the highest bid of each buyer is reached for
his highest value.)

Substituting the lower boundary conditions Bl into (4), yields
v2(b)b = b(va(b) +b) — (v; + )b+ ¢
¢ = (v +v)b— b (5)

From b = max{*.*2,m}, we have

(v1+w,)? e 011Uy
¢ — o A= em (6)
(v; + vy)m —m?*  otherwise
(Note that ¢, as a function of m, reaches its peak at m = yl%) Using
B3 and (4) we have
DT =b(U1 +T2) — (v +v,) b+ c
- 51 . 52 —C
b= 7
R A v
We can use (4) to find ve(b) in terms of v1(b) as follows.
bu,(b) — (v + vy)b+ ¢
h) = 1 =1 =2
v2(0) 0, (b) = b
Finally, we can rewrite the differential equation (3) as
bv, () — b(vy +v,) + ¢
() (BRI gy ),
or
vi(b) - (=blvy +y) + ¢ +b7%) = (v,(b) —2)(v, (b) — b) (8)

This equation and boundary condition v, (b) = 7, is sufficient to find a
solution for v;(b), which we will do now.

2.1 Auction without a mimimum bid.

The auction without a minimum bid has the same solution as an auction
with a minimum bid m that satisfies m < yl%
In this case, we can solve the differential equation as follows.



As (by (6) and (7)) ¢ = % and

_ U1 Uy — (%%)2 (9)

(U1 —vy) + (T2 — wy)

=l

we can rewrite equation (8) as

vi(b) - (v + vy — 20)* = 4(v, (b) — v1)(v, (b) — b)

We now define o = v; + vy — 20, = vy — vy, * = b — v; and D(x) such
that

v1(b) = + ;. (10)

D(x)

We then have v} (z) = — D‘(";)Q D'(z), and equation (8) becomes

D'(x)-(a—21)> = 4(D(z)z —a?)

D'(x)-(a—21)> = 4D(x)r — 16z(a — ) — 4(a — 27)?
(D'(z)+4) - (a—22)* = 42(D(z) — 4(a — 1))
D'(z)+4 B 4x
D(z) —4(a—z)  (a—21)2
200 2

(o —22)2 a—2x

By integrating both sides, we obtain

In(D(z) —4(a —x)) = +In(a — 22) + In ¢y,

o — 2w
and taking the exponent of both sides yields

D(z)—4(a—z) = (a— Qm)cle%
D(z) = (a—2z)ce"2 +4(a —x) (11)

The upper boundary condition v, (b) = 7, determines ¢;. When b = b, we
have x =7 =0 —v;.

From our definition we have D(z) = =

v1—vy

Hence our boundary condition
becomes

a? 7

S~ Ma—(b-w)) -

= Y1 e «—2(b-vy)

(@ =2(b—1y))

6




which can be rewritten as (recall that in this case b = 27%2)

(mv)? | 40— vy) sy

o= AT c200-b)
—2(b—b)
Note that this depends only on the constants of the game v,, 7;, since
_ Uy - Uy — (21‘222)2
b—vy,=—— — Uy
(01 +02) — (v; +2y)
and
v v 2
B—b: 61‘62_% _QI+QQ
T (0 +02) = (g + ) 2

From our definitions of a, z and equations (10) and (11), we find v, (b)

0 (b) = (- )" + o, (12)

Vo —V

(vg + vy — Zb)cleﬂﬁﬂfj% + 4(vy — b)

where , B
=L e2(b-b) (13)
20— 1)
Note that vy(b) is obtained from vy (b) by reversing the roles of v;,7; with
those of v,,v,. Hence,

C1 =

va(b) = (L — o) T o, (14)

(Ql -+ Vy — Qb)czeﬂljig;f% + 4(91 _ b)

where

—(22721)2 4 B - v —u
T2~ jt (b—2y) 65(15:22) (15)
—2(b—10)

Cy =

2.2 A limit case where buyer 2’s value is known.

As a test of the above result let us relate it to the asymmetric situation
treated by Kaplan and Zamir (KZ) (2000), namely the situation in which
the valuation of one of the two buyers is common knowledge. For instance,
assume that [v,,71] = [0,1] and v, = Ty =  where 0 < § < 2 (when § > 2,
the equilibrium is that buyer 2 bids 1 and wins with certainty).

For this situation, KZ found that in the equilibrium of the first-price
auction, buyer 1’s inverse bid function is



52
R

while buyer 2, whose value is known to be § uses a mixed strategy given
by the following cummulative probability distribution (with support from

_zgtogzﬁ—%):

2-B)8 o 2
(2= 5)26 (16)

Let us view this situation as a limiting case of our model where [v,,7;] =
[0,1],[vy,T2] = [B,8 +¢] and ¢ — 0. Now, the probability distribution of
the bids of buyer 2 is given by (we use V5 for the random valuation of buyer
2, denote b;(v,¢) as the bid function for bidder i when the distribution is
[, 8 + €|, and denote v;(b, €) as the respective inverse bid function).

P(ba(Va,e) <b) = P(Va < wa(b,€)) = M

F(b) =

If the bid distribution is continuous in this limiting process, we should

have b
lim valb,e) = 0 = F(b)
e—0 £
First, we observe that for [v,,7;] = [0,1] and v, = Ts = [ we obtain

from our above equations for b and b ((1) and (9)) the correct range of

O _ B 7 — B2 ; 7 B2
glds. b= 5 and b = 8 — 5. Next notice, that b > b whenever 8 — = >

5 or B < 2. Assuming this is indeed the case, we have a range of bids
even when one buyer’s value is known with almost certainty. (This makes
sense since it converges to a mixed-strategy equilibrium.) Now using our

analytical solution for buyer 1’s inverse bid function , (12) and (13), with the

distributions of [v,,71] = [0, 1},[v,, Us] = [B, 5 + €], we have
’Ul(b, 5) = ﬁ;
(B —2b)cre2 + 4(5 — b)
2 s
a(e) = : (ﬁ4—(625) b)'e_ =

Il
=l

- _8
where b = b(e) = e

1+e



We have

B2 3
lim vy(b,e) = . _
= (8 — 2) lim. g cr(c)emm +4(3—b) 4B —1b)
since
lim ¢i(e) = lim i 4(5__ 5(6))6_5_%@(5) —0
= =0 (B —2b(e))

Furthermore, using the analytical solution for buyer 2’s inverse bid function,
(14) and (15), we have

/e
54 E
<416+€> (B — 2b) e T e TE _ 4h
2h-1
And finally it can be verified (by straightforward calculation using (17)
and (16)) that indeed

Ug(b, 6) = (17)

lim 1]2<b? 5) _ 5
e—0 £

= F(b).

2.3 Auction with a minimum bid

When the minimum bid is binding, as in the case when m > (v, +v,)/2, equa-
v1-U2—(v; +vy)m+m?
(O1—v1)+(@W2—wy) °

tion (6) becomes ¢ = (v, +vy)m —m? and (7) becomes b =
Now, we can rewrite the differential equation (8) as

vy (b) - (0= m)(b+m — vy —vy) = (v,(b) — v3) (v, (b) — b) (18)

Notice that since b > m and 2m > v, + v,, the coefficient of v} (b) on the
left hand side of the above equation is positive.
The solution to this equation is

(m —vy)(m — v,)

,U]- (b) = Ql + m—ujg ("1—22)
b— Uy + (b — m) (m—wp)+(m—uvy) (b +m — vy — y2) (m—v1)+(m—vs3) c1
(19)
o)t 53t =Ty e )
_ — m—uv,+v1—v, ) (m—uv, +02—.
(V1 —m)(V2 — vy) ( ? (vll—nll)(@—ré) . )
1 = — (20)

(V1 —v1)(m — vy + Uy —vy)

The derivation of this solution is in the appendix. Again v,(b) is obtained
from v1(b) by interchanging the roles of v,,7; and v,, V5.

9



Example 1 v, =0,v, = 0.

Substituting these values into our solution yields

2

n(b) = -
n b+ Vb2 —m?2c

(71 = m)() (e

(v1—m)(v2—m)

C1 = —
! @l(ﬂl'+'52)

Taking lim,, .o v;(b) and applying L’Hopital’s rule yields

260705
h) = 172
"0 FRrE@ -

Reversing the roles of v; and v, gives us
29
200105

- T3 — b2 (03 — )

—

(%) b)

Setting v; = 1 and Uy = [ to find v1(b) and v(b) yields the Griesmer et
al. (1967) result.
Furthermore setting v; = vy = 1 yields

2

m
b+ VI —mPe
_ (m+1)

(1 —m)g—0y _

(m+1)

The limit as m — 0 is v (b) = 2b which agrees with the standard result.

Ul<b)

ClL = —

2.4 Limit when m \ (v, + v,)/2.

So far we found the equilibrium bidding functions on two regions of the
minimum bid m:

(1) For m < (v; + v5)/2. This was the case of ‘no minimum bid’, that is
the minimum bid is not binding in equilibrium. This equilibrium thus does
not depend upon m.

(2) For m > (v + vy)/2. The minimum bid is binding in equilibrium
which in fact does depend upon m.

10



Here we check the continuity of the equilibrium as a function of the min-
imum bid m at the critical value of m = (v; + v,)/2 (when m approaches
this value from above). First we verify that:

(m—QQ) Vo —vq

_ moy __(mowy) ] _wo-wmy
lim b—m) (m—e)+(m=v) (h+m—v, —0, ) (") Fm-22) = —e 2-v1-v2 (2b—v,; —0
o m pem) ) ; (2b-2,-1,)

m—uvj

_ _ (m—wvy)+(m—uvg) _ _
. m — v + U] — U m — v + Vg — V. 2 ('”1_31"'”2_32)(1’2_31)
O (LSS EMUEUEL ST e

— — 201 —vg—v ) (202 —va—vy)
mN\,(v; +vy)/2 (Ul - m)<v2 - m)

Using these in our solution for v;(b) and ¢; in equations (19) and (20),
we have

lim v (b) = v+

m\(21+22)/2
lim (m —,)(m — v,)
) — Uy + %6_%:2271:122 (2b = vy — Vo) limp (v, +0,)/2 C1
—(vy —vy)%/4
221_1_ 1 — (_2 —1) / .
b—vy+ 5 P22 (20 — vy — y) My (v, 40,)/2 C1
(21)
_ _ 2 (fl —214‘52—23)(22—31)
lim ¢ =-— (201 — (v tyz))(w —_Qg)e (201 —vg—v1 ) (202 —vp—v1) (22)
ML t)/2 (U1 = 21) (202 = (1) + 13))

We now see that indeed this limit yields the equilibrium bid functions for
the case of no minimum bid. Note that the range of bids is as follows:

_ o UQ _ (21222)2
b=
(V1 +72) = (v; + )
vV, + U
b — 1 =2
- 2
Notice by (9) and (1), we have b — b = 1 (201~ 1)) (202 v, —v;)
Y , 2T AT (itv2)— (v Huy)
and that
(v —w)” | 40— u,) = (T2 = 2) (201 — (1 +25))
U — Uy (U1 —vy) (U1 — 01 + V2 — 0)

Using these two in equations (21) and (22) yields the equilibrium bid
function without a minimum bid; namely, it establishes the equality between
(21), (22) and (12), (13), respectively.

11



2.5 Limit when m — v,.

Looking at the solution for the case of a minimum bid, the expressions (m —
v;) and (m — v,) appear in the denominator (in the constant). Since we are
in the case when m > (v, + v,)/2 and v, > v;, we have m = v; only when
v; = v, = m which reduces to the case of no minimum bid. This leaves us
to check the limit of our solution with a minimum bid as m — v,. By doing
so we find that the limit of our solution is

Vo—U b—v
v+ vy ) + v, (log(2))

—e1 = vy + v, — (log(5=5L))

b—v,
(%2 — ) i (%2 — ) ~log <(?1 - 21)(?2 - 21))
01 —v) (V2 —wy) (V1 — vy) (V2 — )
which is precisely the solution to the differential equation (18) (for m =
)

v1(b) = (

C1 =

vy (b) - (b= 05) (b — vy) = (v, (b) — 1) (v, (b) — D)
with boundary condition B3.

2.6 Some New Examples

In this section, we provide a few examples of interest that were not solved
analytically before. In looking at these examples, we note the minimum
bid m provides a way to model distribution of values with atoms at the
lower end of the intervals. In fact when V; ~ Ulv,,7;] and m is in (v;,7;)
then this is equivalent to a distribution with an atom ¢§; = Eg :%g at m and
uniform distribution on [m, ;] with the remaining probability. (For that, in
the distribution with atoms, we have to relax the assumption that a buyer
bids his value when he has zero probability of winning.)

Thus, our analytical solution for the general uniform case with a minimum
bid covers also the case with two buyers with distribution which are uniform
on an interval with an atom at the lower end of the interval.

In this section, we generated the examples using the solution with a min-

imum bid given by equations (19) and (20).

Example 2 v, =0,v, =1,m =27, = 3,77 = 4.

Here, we have

2

Ul(b):b 2 I
—1+(0—-2)3(b+1)3¢4

12



10
D)
(—4)
and
2
UQ(b) - 1 7 1 1
b+ (b—2)3(b+1)3¢y

1

2(10)°

, 2010

(—5)
bid 2.35T
23T
2.25T
22T
215T
21T
2.05T

P % % % %
2 25 3 35 4
vdue

Figure 1: Solution when v; = 0,v, = 1,m = 2,7, = 3,7; = 4. The thick
line is vy ().

We note that conditional distribution of V; above the minimum bid m = 2
stochastically dominates that of V5. Nevertheless, there is no dominance of
the bid functions in this region (see Figure 1). As a matter fact, this is the
first case of interstecting bid functions that we are aware of.

It is interesting to compare this with the same conditional value distri-
butions above 2 (without the atoms at m = 2), namely Vi ~ U[2,4] and
Vo ~ UJ[2,3]. This is given in Figure 2 (and it is a shift of the Griesmer et
al. (1967) result).

13



bid
26257

25T

23757

2257

21257

2 % % % |
2 25 3 35 4

vdue
Figure 2: Solution when v, = 2,v, = 2,75 = 3,7; = 4. The thicker line is
’Ul(b).

As we see, the presence of a minimum bid, even though it is at the center
of both distributions, changes the equilibrium qualitatively by introducing
the crossing of the bid functions. This example generalizes to whole range of
minimum bids.

Example 3 v, =0,v,=1,1/2<m < 3,0, =3,v; =4
By (19) and (20), we have

m(m — 1)

Ul(b)Z _m__ m—1
b—1+(b—m)2m1(b+m—1)m-i¢

(4 . m) ( (m+3)(m+2) )27:?7—1

¢ = — (3—m)(4—m)
2(m + 2)
b= U1 Ty + m? —m(y +v,) _ 12+ m? —m
(01 +02) — (vy +1y) 6
m(m — 1

b+ (b—m)%(b—l—m— 1)2m1cy

m

(m+2)(m+3)\ "
23— m) (=36

m—+ 3

Cy = —

14



We have found by numerical computation of the solution that the crossing
occurs for all values of m in the range.

In the following example we characterize a family of auctions with uniform
distributions with linear equilibrium bid functions.

Example 4 v, = 0,71 = m + 2,0, = 3m/2,TUy = 3m/2 + z (where z > 0).
Here we obtain from (19) and (20),

vi(b) = 2(b—m)+m=2b—m
ve(b) = 2(b—m)+3m/2=2b—m/2

v+m
bi(v) =
2
v m
b2 v = —4 —
(v) 5T
bid 257
2375 T
2257
2125
2 } f } {
2 25 3 35 4
vdue

Figure 3: Solution when v, = 0,v, = 3, m = 2,7, = 3,05 = 4. The thicker
line is vy (b).

Notice that these bid functions are independent of z and linear. Further-
more, the measure of values where a bid is submitted above the minimum is
the same for both buyers, namely z. Also notice that when m — 0, this goes

to the standard symmetric uniform case of uniformly distributed values on
[0, z].

15



It turns out that linear bid functions appear only in the special case where
m—uv; = 2(vy —m) and T; —m = Ty — v,. (See the appendix for the proof.)
We note that in this class of auctions, the revenue for the first-price

auction is
12m?2 + 15mz + 422

12(m + 2)

RFP =

and the revenue for the second-price auction is

48z(m+=z)

2 2 .

3 2 2 3,

m°+42m*z4+60mz°+16z if > m/2

Rgsp =
2(m+z)

In both cases, the first-price auction has higher revenue (it is higher by

when z > m/2 and by (f’;?;i’?)z when z < m/2).

m?2(6z—m)
48z(m+=z)

To illustrate that no other linear solution exists. The following example
demonstrates that this linearity is lost by stretching the upper range.

Example 5 v, = 0,7, = 3,v, =4,03 =6,m = 2,

Here we obtain:

__8(b-1
u(b) = 8+ b(b—_4)

B 10(b — 2)
e) = 3+ T

By inverting the functions, we get the following non-linear bid functions (see
Figure 4):

2(2+v—V4+20—1?)

v
v — 8+ 58 — dv + v2
(v—3)

16



bid
2.625T

257

23757

2257

21257

| | |
1

2 3 4 5 6

vdue
Figure 4: Solution when v, = 0,v, = 3,m = 2,v; = 3,03 = 6.The thicker
line is v (D).

3 Concluding Remarks

In this paper, we have analytically solved the general uniform case for two
bidders. The uniform distribution is one of the simplest and it is useful to
know more than just the existence of the equilibrium but also have an explicit
analytical expression of the bid functions. This may be helpful in comparative
statics and in detecting interesting features of asymmetric auctions. Future
work would be to search for analytical solutions for other environments such
as extending our solution to N bidders. On the other direction of research,
it is useful to find environments where simple solutions exist. The simplest
being of course the linear solution. We have work in progress that shows
a linear solution exists when the values are drawn from power distributions
(not necessarily the same) and any risk aversions (also not necessarily the
same) Together these should provide a useful set of examples for researchers
and students as well as suggest a set of parameters for additional experiments
(see Guth et al. 2005) on asymmetric auctions.
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4 Appendix

4.1 Second order conditions.

Here we show that second-order conditions are satisfied for our solution.
(This is adapted from Wolfstetter, 1996.) Buyer j with value v and bid b has
probility of winning Pwin’(b) and expected profit 7/(v,b) where

7 (v,b) = Pwin? (b)(v — b)

Define ¥/ (v) as a bid function that is monotonic and solves the first-order
conditions, namely 7} (v, b) = 0.
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Assume these bid functions are monotonic. If so, then second-order con-
ditions are satisfied. Since (v, b) = Pwin'(b)(v — b) — Pwin?(b), we have

7w (v,b) = Pwin’ (b) > 0 (23)
Take b* = b7 (v*). If b < b*, then by monotonicity of the bid function, we
o= (V)" (b) < v*. Hence, by (23) we have 7rb(v b) > (9, b) for all b.

This includes 7Tb<U b) > Wb(v b) = 0. Thus, ™ (v, b) > 0 for all b < b (v).

Likewise, wb(v,b) <0 for all b > v (v). Hence, second-order conditions are
satisfied (as long as our solution is monotonic).

4.2 Solution with minimum bids.
The solution that we presented with minimum bids is

(m —v;)(m — v,)

v(b) =+ _mouy __(m-wgy)
b — ’UQ (b m) (m—v1)+(m—uv2) (b —|— m — Ul —_ UQ) (m—v1)+(m—uvs) c1
(24)
B B (=T ey
. (U1 —m)(V2 — vy) <(m722+(511—773§§2—2)+ - 72))
== - —
(U1 —vy)(m — vy + Vg — v,)
To derive this solution we divide both sides of equation (18) by
m—y (m—uvg)
(v, (b) — v)2(b — m) =R (b 4 — v, — v,) T TR
to obtain
(1) )
m—uvq (m—uvg) -
(0, (b) = 03)2(b — m) ¥ TR (b4 m — vy — v,) T TR
(v,(b) = b)
: (m—wvq) (25)

(0,(8) = 2) (b — 1) T TR (b 1 — vy — 1) TR

The RHS can be broken into two expressions:

1
+

(m—uvy)

(b — m) T (b4 m — v, — vy T
(ﬂl - b)
(m—v9)

(v, (b) — v,)(b— m)l+%(b+ m— v, — y2)1 e
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Observe that

1
db =
/@_meéﬁﬁm@+m_%_meﬁﬁﬁm
! : L —b +C
(b— m)m(b +m—uv, — 22)% (m —w;)(m — v,)
and
v (b) _
(v (5)721)2(1,,,71)”%(b+mfylfy2)l+% .
f 1 (v, —b) db =
(04 01— 6m) T TTEIFOT (34—, ) TR0
B m—u; ! (m—vg) ) Ul(b§—ﬂ1 +C

(b—m) (m=21)+(m=22) (p4m—p, —v,) (M—21)+(Mm—v3)
Hence, we can integrate (25). From this we can obtain v;(b) as in (19)
and the expression for ¢; is obtained by the boundary condition B3.

4.3 Linear solutions.

We know in the symmetric case that linear bid functions are possible for the

uniform distribution. Here we now ask what conditions are necessary for

linear solutions to exist in general (for the uniform asymmetric case).
Recall our two differential equations from the first order conditions (3):

vy (b)(v2(b) —=b) = wi(b) — vy
vy(b)(v1(D) =) = wa(b) — vy

Assume a linear solution for both inverse bid functions are as follows
v;(b) = ;b + B; where a; > 0

This implies that

vi(b) = a;

(2

Substituting this into our two equations yields
aj(agb+ By —b) = b+ by — 1,
ag(arb+ B, —b) = agb+ By — vy

Since this is true for all b, the derivative of both sides must also be equal.
Hence,

041(062—1) = o

ag(al—l) = (9
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This implies a; = ay = 2. Substituting this into the equations yields

252 = 51 - U
28, = By — 1wy
Combining this shows that
1 2
51 = —§Q1 - 522

By boundary condition B1, v;(b) = b, we have b = 2b + ;. This implies
By = —band b= v, + 2v,. Since b > (v; + v,)/2, it must be, by (2), that
there is a binding minimum bid m = b.

Now rewriting, m = v, + 2v, yields m — v; = 2(v, — m) (or v, =
3

5m — %Ql). Finally, we use the upper boundary conditions B3,

@1:25—771
Ty =2b—m/2 —v,/2

to find that v, = Ty + v, /2 — m/2 (or Uy — m = Ty — v,). Thus, if define z
such that 7; = m + 2, we have vy = %m+ z—vy/2.
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