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Abstract

It has been shown (Hart [2]) that the backward induction (or
subgame-perfect) equilibrium of a perfect information game is the
unique stable outcome for dynamic models consisting of selection and
mutation, when the mutation rate is low and the populations are large,
under the assumption that the expected number of mutations per gen-
eration is bounded away from zero.

Here it is shown that one can dispense with this last condition.
In particular, it follows that the backward induction equilibrium is
evolutionarily stable for large populations.

Key words: evolutionary dynamics, evolutionary stability, Markov
chains, transition times, backward induction equilibrium, large popu-
lations

1 Introduction

In this paper we follow the work of Hart [2]. We study the long-run behavior
of evolutionary dynamics, we introduce a few notions of stability, and finally,
we show the stability properties of the backward induction equilibrium (BIE).

As in Hart [2], the games we consider are generic finite games in extensive

form with perfect information. In these games, there exists a unique subgame-
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perfect equilibrium, or backward induction equilibrium. For each such game,
there is an associated population game: at each node there is a distinct
population of individuals who play the game in the role of the corresponding
player.

The evolutionary dynamic process is a Markov chain on the space of
the mixed strategies of the game with unique invariant distribution. We
are looking for stable strategies in this model. When the populations are
fixed, a strategy profile is evolutionarily stable if its occurrence is positive
independently of the mutation rate, i.e., if its invariant probability is bounded
away from zero as the mutation rate goes to zero.! When the populations
increase, the number of possible outcomes of the dynamics increases, and the
invariant probabilities of the different strategy profiles change. Therefore,
we define a strategy profile to be evolutionarily stable for large populations
(ESLP) if its invariant probability is bounded away from zero as both the
mutation rate goes to zero and the populations increase to infinity.

In Hart [2] it is shown that when the populations are fixed, the BIE is
evolutionarily stable. The main result there is that in the limit the BIE
becomes the only stable outcome as the mutation rate decreases to zero and
the populations increase to infinity, provided that the expected number of
mutations per generation is bounded away from zero. In this paper we show
that in the models we consider, this additional proviso (on the expected
number of mutations per generation) is not needed. Thus, the BIE is also
ESLP.

Section 2 presents the model. Section 3 defines stability and presents

!This is the “stochastic stability” of Kandori et al. [3] and Young [6].



the Main Theorem. Section 4 explains two major assumptions in our model,
that of mutation rate and that of population size. Section 5 proves the
Main Theorem. The Appendix proves several general propositions on Markov

chains, needed for the proof of the Main Theorem.

2 The Model

The model is as in Hart [2], except for a somewhat less general class of

dynamics.? We present a summary of the model below.

2.1 The Game

Let I be a finite extensive-form game with perfect information. Each non-
terminal vertex corresponds to a move, and each move of one of the players
is called a node. Let N be the set of nodes, and let N be the set of nodes
and terminal vertices (i.e., the set of all vertices that are not chance moves).
For each node i € N, let N (i) be the set of nodes that are successors of i in
the tree. Assume that the nodes are numbered {1,...,n}, where n = |N]|,
such that j € N (i) implies j > 1.

The game is in agent-normal form: at each node ¢ € N there is a different
agent with a set of choices A?, which is the set of outgoing branches at i. Let
A:=Tl,cn A%, and let v’ : A — IR be the payoff function of agent ¢, which
is extended multilinearly to mized strategies; thus v’ : X = [[,.y X' — IR,
where X := A(A") is the set of probability distributions over A‘.

The classic result of Kuhn [4] states that there always exists a pure BIE.

2See Remarks 3 and 4 in Section 2.2.



We assume here that the game I' has a unique BIE (this is true generically),
which must therefore be pure; we denote it by b = (b');en € A, and refer to
b' as the “backward induction strategy of 4.”

We associate a population game® to I': at each node i € N there is a
nonempty finite population M (i) of individuals playing the game in the role
of agent i. We assume that the populations at different nodes are disjoint.
For each individual ¢ € M(i), let ), € A’ be the pure strategy of ¢, and
let W' = (w)gen and w = (w')ien. The proportions of the different pure
strategies in population ¢ induce a mixed strategy of agent i. We therefore
have a map z of each w to a vector of mixed strategies, where z’,(w) — the
probability of a® — is the proportion of individuals in populations ¢ that play

7

a.

2.2 The Dynamics

We now come to the dynamic model. We formulate the dynamics as discrete-
time stationary Markov chains.

Since they are evolutionary, the dynamics are based on selection, i.e.,
changes towards better strategies, and on mutations, i.e., random changes.
Each period of the dynamics is assumed to be small enough that the probabil-
ity that more than one individual in each population will change his strategy
is negligible. Thus, we assume that at each period, at most one individual
may change his strategy, either due to selection or due to mutation.

For every mutation rate parameter p > 0, and population size m such

3This is called the gene-normal form of T' in Hart [2].



that? |[M(i)| = m for all nodes i € N, the process is a stationary Markov
chain on the state space Qy, := [[;cy(A)M®, where a state w of the system
specifies the pure strategy of each individual in each population, as defined
in Section 2.1. The one-step transition probability of the process is given by

a transition matrix @ = (¢u.o)woecq,, that satisfies®:

e Conditional independence over i € N, i.e.,°

QW |w] = [ Q" |w]. (2.1)

1EN

e For each i € N, one individual ¢(i) € M (i) is chosen, such that there

exist constants 77,7, > 0 with

% < Qq(i) =q|w] < % for each ¢ € M (i), and (2.2)

Q[Jjé = wfz |w] =1 for each ¢ € M (i) ~ {q(i)} . (2.3)

e There exists a constant o > 0 such that, for each i € NV,
Q[d)é(i) =a' |w] > o for each a’ € B'N 57, (2.4)

where B' = B'(q(i),w) = {ai € A ul(a',wh) > ui(wé(i),w*i)} Is

the set of “better strategies” — those strategies at node i that are

4See Remark 3.
For an example of a dynamic that satisfies these conditions, see the basic model in Hart

[2].

SFor each w € Q, take Q[ | w] to be a probability distribution over €2, such that
QY [w] = > cq uww for all Q" C Q; derived probabilities — like its marginals, etc. —
will also be denoted by Q] |w].



strictly better in I', against the populations at the other nodes, than
the strategy wj of the chosen individual ¢(i), and S* = S'(w) =
{a' € A": Wi = a' for some q € M(i)} is the set of strategies at node i

that are present in state w.

e There exist constants aq,ao > 0 such that, for each i € IV,

Q[&é(i) =a' |w] > ayu for each a' € A*, and (2.5)
Q@) = a' |w] < ap for cach a’ ¢ B'a’ # wi ;. (2.6)

Remarks:

1. The game I'" and the constants 7y, v2, o, oy, and as do not change

while m and p vary.

2. Asin Hart [2, Section 3.2, Remark 2], we assume ((2.5) and (2.6)) that
the probabilities of mutation in different populations are comparable.

See Section 4.1.

3. We assume for simplicity that the sizes of the populations are the
same, but it suffices that the sizes be comparable (i.e., the ratios
|M(i)|/|M(7)| be bounded away from zero and oo). This assump-
tion is not needed in Hart [2], but as will be seen in Section 4, it is a

natural assumption.

4. We assume that the probability of switching to a better strategy by
selection depends only on whether that strategy is currently present in

the population and not on the proportion of individuals playing that



strategy (see (2.4)). Therefore, our class of dynamics is less general

than that of Hart [2] (see Hart [2, (2.7)]).

5. A general model with a one-step transition matrix @) satisfying (2.1) —
(2.6) yields a Markov chain that is irreducible and aperiodic. Hence
there exists a unique invariant distribution on 2, that describes the
long-run behavior of the process (see, e.g., Feller [1, Chapter 15, The-

orem 2 and Corollary IJ).

3  Stability

In this section we define stability and present the main result of this work.

3.1 Definitions

We are interested in the behavior of the process when the mutation rate is
low, i.e., the limit of the invariant distribution 7 as u — 0. We will look first
at the case where the population size m is fixed, and then at the case where
m — 0.

Let the game I' and the constants ay, as, 71, 72, and o be fixed. For
every mutation rate y > 0 and population sizes m, let =Z(m, ) be the set of
all one-step transition matrices Q = (¢ 5 )waecq,, satisfying (2.1) — (2.6) with
p and m. For every Q) € =(m, ), let mg be the unique invariant distribution

of @, and let 7y, ,[w] = infgez(m ) Tolw] for all w € Q.



Definition 3.1. A state w € €, is m-evolutionarily stable if

liminf 7, ,[w] > 0.
u—0

Recall that each state w € 2, may be viewed as an N-tuple of mixed
strategies z(w) = (7°(w))iey € X. We can therefore view the dynamic
as a dynamic on the space of mixed strategies. Since the population is
finite, and each agent plays a pure strategy, the number of mixed strategies
that can arise in this dynamic is finite. The invariant distribution mg on

1 over X;

€2, therefore induces a probability distribution 7g = mg o (z)
e, molY] = mo[{w € Q, : x(w) € Y}] for every (measurable) Y C X. Let

T, Y] = Infgez(m,u) TQ [Y].

Definition 3.2. An N-tuple of mixed strategies x € X is m-evolutionarily
stable if

lim inf 7, ,[z] > 0.
u—0

We now consider the case where the populations increase, i.e., m — oo,
(while the game and constants remain fixed). When the population size
increases, the size of the state space increases as well, and the invariant

" To prop-

distribution of each fixed mixed strategy may converge to zero.
erly define evolutionary stability in this context, we consider probabilities of
neighborhoods rather that the probability of a single point.

For every ¢ > 0 and N-tuple of mixed strategies x € X, let x. be the
e-neighborhood of z, i.e., z. ;== {y € X : ||z — y|| < e} (we will also use BI,

instead of b, for consistency with the notations in Hart [2]).

"For an example of where the liminf , .o 7, ,[b] is zero, see Hart [2, Footnote 49)].

m—00



Definition 3.3. An N-tuple of mixed strategies x € X is evolutionarily
stable for large populations (ESLP) if for every e > 0
liminf 7, ,[z.] > 0.

pu—0
m—0o0

We will also use ESLP to denote the set of all N-tuples that are ESLP.

Thus, = is ESLP if, for any neighborhood of z, the relative frequency of
visits at that neighborhood is bounded away from zero, for all large popula-
tion sizes and all small mutation rates.

Remarks:

1. Conditions (2.1) — (2.6) are closed. Therefore, Z(m, i) is a closed sub-
set, and hence compact. Therefore, for every w € €2,,, there exists
a matrix @, € Z(m,p) such that m,, ,[w] = 7o, [w]. Moreover, as
mglw] > 0 for all @ € Z(m, p) and w € §,,, we have 7, ,[w] > 0; how-
ever, mp,, need not be a probability distribution over €),,,. The same
arguments hold for 7, ,, and it need not be a probability distribution

over X.

2. For each m, let ES,, be the set of all m-evolutionarily stable N-tuples of
mixed strategies. By Hart [2, Theorem 3.1], the BIE is m-evolutionarily
stable for all m; therefore, {b} C ES,,. As seen in Hart [2, Section 3.1,
Remark 2], equilibria other than the BIE may be m-evolutionarily sta-
ble, and hence we have {b} & ES,,. Together with our Main Theorem
below, we have ESLP = {b} & ES,),.



3.2 The Main Result

In Hart [2] it is shown that the BIE is m-evolutionarily stable for all m.
It is also shown that when the populations increase the probability of any
neighborhood of the BIE goes to 1, as long as the populations increase fast

enough.

Theorem 3.4 (Hart [2]). For every e >0 and § > 0,

lim 7, ,[BL] = 1.
pu—0
m—0o0
mu>9

This theorem implies that only the BIE may be ESLP. In order to show
that it is ESLP, we show that the double limit (without the restriction mu >

d > 0) is positive — in fact, it equals one.

Theorem 3.5 (Main Theorem). For every e > 0,

lim 7, ,[BL] =1, (3.1)
pu—0

and, therefore, ESLP = {b}. Moreover, there exists a constant C', depending
on the game, on the constants defining the dynamics v, V2, 0, a1, and as,
and on g, such that

FmnBL] > 1— Cu+ %) (3.2)

for all p >0 and m.

Our proof of the Main Theorem is based on estimating transition times.
Thus, besides the results on the long-run behavior of the populations (i.e.,
that most individuals play the backward induction strategy), we also learn
the number of periods it takes to get there. Dealing with the case that mu <

D < oo (which yields the Main Theorem by combining it with Theorem 3.4

10



for 6 = D), it takes on average of the order of at most m + 1/u periods until

most individuals play the backward induction strategy.

Proposition 3.6. For every ¢ > 0, there exists a constant C' such that
the expected number of periods to reach BI., from any state, is at most®

C'(m +1/p)exp(C'myp).

Notice that the BIE is m-evolutionarily stable for all m, and therefore
any neighborhood of it is also m-evolutionarily stable. Moreover, from the
double limit (3.1) it follows that the iterative limit lim,, lim, is 1, and thus

positive, which implies that BI. is m-evolutionarily stable uniformly in® m.

4 Comparability between Populations

In this section we discuss the assumptions on the mutation rates (1;);eny and
on the sizes of the different populations (m;);cn, where m; := |M(7)|.
Mutation is a “mechanical” process and, therefore, it is natural to assume
that all genes have the same probability of mutation. Therefore, it is reason-
able to assume that the probability of mutation of each individual is the same
(or comparable if, for example, the number of genes in different populations
is different). It follows that p;/m; — the probability of mutation of each

individual in population ¢ — is the same for all i, or at least comparable.

8We use exp(x) for the exponent function.
9The other iterative limit, lim,, lim,,, is also 1, as already seen in Hart [2, Remark 1 in
Section 3.2].

11
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Figure 1: The Game I'

4.1 Mutation Rates

In the models we consider, the probabilities of mutation in the different
populations are assumed to be of the same order of magnitude — see (2.5)
and (2.6). In the next example we will show that this assumption is in-
deed needed, and without it there is no convergence to the BIE, even if the

probability of mutation of each individual is the same.

Example. Let us consider the game I' in Figure 1. The BIE in this game
is b = (b',0?). Consider the following dynamics on I': each period there
is a probability of 1/m; for each individual 1 < ¢ < m; to be chosen, and
probabilities of 2u; and 1 — 2pu; for the chosen individual to change his action
by mutation (with equal probabilities to mutate to each of the two strategies)
or selection respectively.

Let Y?, for i = 1,2, be the proportion of individuals in population ¢ that
play ¢!, and let R? be an indicator random variable, defined as 1 if node 2 is
reached (see also Section 5.1).

Notice first that there is always selection in node 1 towards b' regardless

of population 2, and the transition probabilities of population 1 depend only

12



on Y!. Notice also that node 2 is reached iff Y is positive. If node 2 is
reached, then, on average, after C'm; periods (for some constant C') we have
Y! = 0 (because of selection in node 1), and node 2 is no longer reached.
Therefore, we have O'm; changes toward b? because of selection. On the other
hand, once Y! = 0, node 2 will stay “not reached” until there is a mutation
in node 1, which takes, on average, 1/u; periods. In the 1/p; periods node
2 is not reached, there are ps(1/u1) mutations, in which population 2 gets
closer to 1/2 (moves from b to ¢? if we are close to the BIE) by +/pa/p.
By choosing p; and m,; such that \/m > C'my (while the probability of
mutation of each individual is the same, i.e., p1/my = pa/ms), we will show
that Y2 does not converge to 0.

Let m € IN and let m; = m, my = m?, uy = 1/m3, and ps = 1/m; then
we have iy /my = po/my = 1/m4. Let 7 be the invariant distribution of the
dynamic described above.

We start by finding the probability of node 2 to be reached, i.e.,'* 7[R?* =
1] =7[Y'>0]. Let H, = {w: Y (w) =k/my} for k =0,...,my. As there is
selection in node 1 towards b, we have Plwiy1 € Hyy1 |wi] = pi(my —k)/my
for all w; € Hy, and Plwy1 € Hy, |wi] = (1 — pp)k/my for all wy € Hy,;q.

Therefore (see Hart [2, Footnote 70]), we have

—k 1— )k
T AL L Pt L
maq 1
M1 ml—k‘
H H
w{Hiwr] = wlH T

10As the chosen individual in population 1 has probabilities of ;1 and 1 — pq to play ¢!
and b! respectively, we are able to show that Y! is distributed according to the binomial
distribution with m; and pu;.

13



and for all & we get

w[H,) = 7| Ho) (”;1)(1 flﬂl)k, and

(R = 0] = x[Hp| = (1+ 1‘_‘—1/“)—”“ — (- %)m. (4.1)

To show that Y2 does not converge to 0, let w € € be distributed accord-
ing to 7, and let @ € () be the next state, given by the transition probabilities;
then @ is also distributed according to 7. Let dY := Y?(©) — Y?(w); then
we have E[dY] = 0.

When R? = 1 there is selection in node 2 towards 4%, and when R? = 0

there are only mutations. Therefore, we have

1

Eldy |R? =1 =2 - — EY*(w) |R*=1], and
mo mo

_ 24

ma mo

E[Y*(w) |R*=0].
Therefore, we get

0= E[dY] = E[dY |R*=1]x|R*=1] + E[dY | R*=0]r[R*=0]

2 1-2
— % gy ) - 2
2 ma ma

E[Y?*(w) |R* = 1]7[R* = 1].

After rearranging and using (4.1), we get

1 1-2
BY*w)) = 5 = =52 BIY?(w) | B = (R = 1
1 1—2u ., 1 m-—2 1
> — — R=1=-—-— —(1—(1—- —)Y™
1 m-21 1
-2 2 m2 mooo 2°
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4.2 Population Sizes

For simplicity we have assumed that all the populations are of equal size m.
In general, we have a population profile m = (M (i));en, with corresponding
dynamic processes on the state space Q.

Letting now m := min;ey m;, and m := max;eny m;, and replacing (2.2)
with

71 . 2 .
— < Q =qlw| <=1 h M 4.2
o= [Q('l) q ‘ ] = m or each g € (2)7 ( )

our Main Theorem becomes:
Theorem 4.1. For any € > 0, there exists a constant C' such that for any

mutation rate p, population profile m, and dynamic system Q) satisfying con-

ditions (2.1), (4.2), (2.3) - (2.6), with invariant distribution mg, we have

olB] 2 1-C (- +a D) ep(Cum)esp(©) ). (43

Equation (4.3), together with Hart [2, (3.6)], imply (3.2) (and hence the
Main Theorem) for models with comparable population sizes (i.e., m/m < D,

for some constant D).

Remarks:

1. As seen in Section 4.1, we must assume that the mutation rates are
comparable. Together with the assumption that the probabilities of
the mutations of different individuals are comparable, the assumption

on the sizes of the population is not a further restriction on the model.

2. We did not manage to obtain a better bound than (4.3) on the prob-

15



ability of BI., and hence we need the populations to be comparable.

We do not know whether this assumption is indeed needed.

5 The Proof

In this section we use a few general propositions on Markov chains to describe

the long-run behavior of our dynamics, and to prove the Main Theorem.

5.1 Notations

We present some notations about transition times, and about the game and
the dynamic system.
Given a finite state space {2 with a transition matrix @ = (¢uw)wweas

we use the following notations.

For each Q' C €, define T(Y) = min{t > 0: X; € Q'}, the first en-

trance time to ).

e For every w € Q, define U(w, Q') = E[T(?) | Xo = w]; i.e., U(w, ) is
the expected number of periods it takes to get to {2 starting from w.

For each Qq,Qs C Q let U(£24,Qy) = max,eq, U(w, 2s).

e Forallw e Qand ' C Q, let Q(w, ) ="/ cq Guw — the probability

of going from w to €’ in one step.
e For an event A and w € Q, we use P,[A] for P[A | X, = w].

e For every w € Q let @ be the next state, i.e., for all W’ € Q, we have

P =uw]=PXi =Xy =w| = quu-

16



e For any partition {H;} , of Q, and for every 0 < k < K, let A;, =

Uiy Hiand B, = U5, Hi.

Given a game I',; and population profile m, we use the following notations

about I' and Q.

e For all i € N, let Y(w) = 1 — 2j;(w). This is the proportion of

population ¢ that does not play the backward induction strategy.

e Given two vertices i, j € N such that i is a descendant of j, let Ri(w)
be an indicator random variable, defined as 1 if ¢ is reached from 5 in
state w, and 0 otherwise. For every node k£ € N on the path from j to
i, let a®' € AF be the strategy that leads toward i. When j is the root

we will use R'(w) instead of R (w).!!

e Let A = A(I') > 0 be such that for each node i € N, if for every

j € N(i) we have Y7 (w) < A, then b’ is the unique local best reply of 1.

e For all i € N, let L'(w) be an indicator random variable, defined as 1

if Y7(w) < A for all j € N(i), and 0 otherwise.
e For all i € N, let s(i) € N be the immediate successor of i such that
a5 — pi.

e Let ¢ > 0. For all j € N define Gj(¢) = {w Y w) < e,V Zj},
and define G,,1(¢) = Q. Notice that Gi(¢) = z7!(BI.). For all
j=1,....,n+1landi € N, define Gj,(c) = {w € G(¢) : R*D(w) = 1}.

"' The root may be a chance move, and hence not in N , but this does not change the
definition of R?.

17



Le., in G;;(¢), node i is reached, s(7) is reached from ¢, and for all the

nodes [ > j, we have Y'! < ¢.

We will now restate the conditions satisfied by our class of dynamics.
These conditions hold for every g, m, Q € Z(m, u), and i € N.

All strategies have a positive probability of being chosen by mutation:

Pw[cbé(i) = a'] > aqp for every a' € A" (5.1)

If node 7 is not reached, i.e., R'(w) = 0, then all strategies of i yield the

same payoff and only mutation affects w’. Therefore:

If R* = 0 then P[0}, # wi] < aop. (5.2)

If R (w) =1 and L(w) = 1 then V" is the global best reply of ¢ and thus
certainly a “better strategy” for a “non-b’ individual” (i.e., b* € B*(q(i),w)
when wé(i) # 1), and there isn’t any “better strategy” for a “b’ individual”

(e, B(q(i),w) = ¢ when w ;) = b'). Therefore:

If L'R =1, wyy # b and b’ € S then P,[@), = 1] > 0. (5.3)
If L'R" =1 and wé(i) =0 then P, [&;(i) #b'] < agp. (5.4)
If L'R" = 1 then P,[Y'(@) > Y (w)] < agp. (5.5)

Using (5.2) and (5.5) we get:

If L' =1 then P,[Y(®) > Y'(w)] < asp. (5.6)

Only one individual may change his strategy (by (2.3)); therefore:

18



PYI(@) < Yi(w) + —] = 1. (5.7)

m;
If R7(w) = 1, then for all the nodes [ € N on the path from j to 7, there
must exist ¢ € M(l) such that w) = a"'. To get R(&) = 0, there must be
some node [ on the path where no one plays a"*, which means that the only

individual who played a'* must have been chosen. Therefore (by (4.2)):

If R =1 then P,[R”' (@) = 0] < nyp—. (5.8)
m

Ife <A thenforal 1 <j<n+1 weGj)and every j <[ <n, we
have Y!(w) < e < A. By the assumption on the numbering of the nodes, for
all i > j — 1, we have N(i) C {j,...,n}, and therefore:

If w € G(e) then L'(w) =1 for all i > j — 1. (5.9)

If j <nand @ ¢ G;(e) then there is some node i > j such that Y*(&) >
e > Y (w). As G,i1(e) = Qm, we have for all 1 < j < n + 1 (using (5.9)

and (5.6) for j < n):

If we Gj(e) then P,[w ¢ G(¢)] < nagp. (5.10)

Ife < Mandw € G;;(¢), then to get @ ¢ G;;(e), we need either @ ¢ G;(e)

or R*® = 0. Therefore (using (5.8) and (5.10)):

1
If we Gji(e) then P[0 ¢ Gji(e)] < e — + nast. (5.11)

As @) = b we have:
If %) =1 then b’ € S°. (5.12)

19



BI, BI,
% % % % % t

<Cifm+) 2GR <Ci(m+y) >0%

Figure 2: The Markov Chain over Time

5.2 The Proof of the Main Theorem

To prove the Main Theorem, we estimate transition times (using Proposi-
tion A.3) and thereby obtain the invariant distribution of the system (Propo-

sition A.5).
Specifically (assume for simplicity that |[M(i)] = m for all i € N), the
proof is based on the following two properties of our dynamic system, which

hold for any p, m, and @ € Z(m, ) we choose:

P1 The expected time to reach BI. is at most Ci(m + 1/u) exp(Cympu),

for some constant C}.

P2 The expected time to leave BI. is at least Com/u, for some constant

Ch.

If we assume that mu < D for some D < oo (the case mu > D is
treated in Hart [2]), then the Markov chain looks like Figure 2. Therefore,
on average, every Cy(m + 1/u) + Com/u periods, the system is in Bl at
least Cym/p periods, and that ratio is the invariant probability of B, and
we obtain (3.2).

Let the Game I, constants v, ¥2, 0, a1, and ay be fixed. The following
results are true for all < 1/(2nas), m such that m > 2nvy,, and Q € Z(m, u).

We start by showing that P1 holds. The proof of P1 is by backward
induction, and for each node i € N, we first estimate the time required until

the node is reached (Proposition 5.1), and once the node is reached, there
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is selection there towards the backward induction strategy, and we estimate
the time needed until most individuals play that strategy (Proposition 5.2).

In order for node i to be reached, we need that in all nodes on the path
from the root to ¢, at least one individual will play the strategy that leads
toward 7. This can always occur due to mutation, and as there is no selection
in nodes that are not reached, we need sequential rather than simultaneous
mutations, and the expected time until the node is reached is of the order of
1/p.

By the induction assumption, we have L' = 1, and therefore, once the
node is reached, the backward induction strategy is the unique best reply.
Therefore, there is selection towards that strategy, and after m; < m periods,

most individuals in ¢ play the backward induction strategy.

Proposition 5.1. For any € < X there exists a constant C1; = C1 (I, ¢)
such that U(Qm, Gji(€)) < C11(U(Qm, Gj(€)) + 1/p) for all i € N and i <

J<n+1.

Proof. Without loss of generality assume that s(i) is a node (if s(i) is a
terminal vertex, the only difference is that s(i) is not numbered), s(i) = i+1,
and that the nodes along the path from the root to ¢ are 1,2,..., .

Let'? Hy = {w € Gj(g) : RBFH =0, RFFL50 =1} for k = 1,...,4; ie,
Hy, is the set of all states in G;(¢) such that s(7) is reached from k + 1, but
in node k no one plays the strategy towards k + 1. Let Hy = G;;(¢) and let
H;1 = Qy, ~Gj(e). If s(7) is not reached, then there is a node where no one

plays the strategy towards s(i), and there is a unique maximum node of this

2Where R%(w) =1 for all w.
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kind. Therefore { H}{T{ is a partition of Q,,.

Let 1 <k <iandw € Hy. Thenw € G;(¢), R¥*+! =0 and RF150) = 1.
Therefore, for all k¥ <1 < i we have R = 0 and RV = 1.

To get'® & € By, we need either @ € H;, 1, and by (5.10), we have P[0 €
H; 1] = P.[@ ¢ Gj(e)] = O(n), or @ € H, for some k < [ <4, and, therefore,
there must be RM*1(@) = 0, which can happen only by mutation (by (5.2)).
Therefore there is a constant g (which depends on the game and not on m
or p) such that

P[0 € By] < gip (5.13)

To get @ € Ax, we need © € G;(e), R¥1(®) = 1, and RMT(D) = 1 for
all £ < [ <i. As each one of those events depends on different nodes (the
first on nodes [ > j > ¢ + 1, the second on node [ = k, and the third on
nodes k <l <), we can use the conditional independence (2.1) to calculate
the probabilities of those events.

By (5.10), we have P,[w € G;(¢)] > (1 — nagu). To get RFF1(D) =1,
we need ¢(k) to choose by mutation the strategy a®*+1 and by (5.1) we get
P,[RP1(&) = 1] > aqu. Finally, by (5.2), we have P [RMT(@) = 1] >

(1 — app) for all k<i<i. Therefore, there is a constant fi >0 such that

P, € Ay > (1 — nagu)onpu(1 — aop)' ™ > frp. (5.14)

13Recall that for a partition {Hj}H< ), we use Ay = Uf;ol H; and B, = Ul]ik-i-l H;.
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Using Corollary A.4 on {H,}it, with (5.13) and (5.14) we get

%

Sl il
Om, G =U(Qm, Hy) < (U(Qn, O~ H; E :_ | I Ik
! . ( V= < | N k=1 fkﬂ> k:1(1+fkﬂ)

< Co (U(ms G () + %»

for Cry = (1+ 352 1/ i) TThey (1 + gi/ fi)- =

Proposition 5.2. For any € < X there exists a constant Cy = C12(I',¢)
such that U(Qm, Gi(€)) < Cr2(U(Qm, Giz1,i(€)) + M) exp(Cy o(mp + m/m))
forallie N.

Proof. Without loss of generality assume that em; is an integer. Put G =
Giy1i(e) and K = m; —em;. Let Hy = Qu NG, let Hy = {w € G : Y (w) =
(k+em;)/m;}fork=1,..., K—1,and let Hy={w € G : Y'(w) < e} CG,(e).
Then {H;}5= is a partition of G according to the value of Y7, and {Hj},_,
is a partition of Q.

Let 1 <k < K and w € Hy. Then, by (5.9) and (5.12), we have L' = 1,
R =1, and b’ € S°.

To get @ € By we need either € H; for k < [ < K, and therefore we
have Y (@) > Y'(w), or @ € Hy, and therefore © ¢ G. By (5.5) and (5.11),

there is a constant g (which does not depend on k) such that
- 1
P,we By <g(pn+ E) (5.15)

To get @ € Hy_ 1 C Ag, we need © € G and V(@) = Yi(w) — 1/m;.

Notice that if V(@) = Y*(w) — 1/m; < 1, then at least one individual plays
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b = a**® and therefore R**?) () = 1. Therefore, to get © € Hy_, we need
O € Giga(e), R(w) = 1, and YY(@) = Y¥(w) — 1/m;. Again, those events
depend on different nodes, and we use the conditional independence (2.1).
By (5.10), we have P,[@ € Git1(€)] > (1 — nagu). By (5.8), we have
P,[RY(®) =1] > (1 —nvya/m). To get V(@) = Y(w) — 1/m;, we need ¢(i) to
be chosen from the set £ = {q € M(i) : w) # b'} and change his strategy to
b'. As |E|/m; =Y (w) = (k+em;)/m; > €, we have (using (4.2) and (5.3))
P,[YY (@) = Y (w) — 1/m;] > y1e0. Therefore, there is a constant f > 0 such

that
Plo€ Al > Polo € Hyt] > (1 — naop)(1 — “Lyyeo > fe.  (5.16)
m

Using Corollary A.4 on {Hy} , with (5.15) and (5.16) we get

lﬂﬁmaxa>sv«%hmﬂgqumQM\HK+§:%9 1>
< (U(Qm, Gis1a() + f€><1+ Jffgwl))mz

1) WO Guaafe)) +70) s+ 1)

< Cia (U(Qm, Git14(e)) +m) exp(Cra(mp + m/m)),

<(1+

for CLQ =1+ (g + 1)/<f€) ]

We now use Propositions 5.1 and 5.2 to estimate the expected time to

reach BI.,** and hence show that P1 holds.

4When m; = m for all i € N, this becomes Proposition 3.6.
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Proposition 5.3. For any ¢ > 0 there exists a constant Cy = Cy(I',¢) such

that U(Qm, G1(¢)) < C1(1/p + m) exp(Cy(mp +m/m)).

Proof. 1If 1 > €5 > 0 then Gy(e2) C Gi(e1) and therefore U(Qy, G1(€1)) <
U(Qm, G1(e2)). Thus, assume that e < . Using Propositions 5.1 and 5.2 we

get, for all'® i € N,

U(Qm, Gi(€)) < Cra - (U(Qm,; Giyr,i(€)) + m) exp(Cra(mp + m/m))
S 0172 . (0171 . (U(Qm, Gi+1(€)) + %) + m) exp(Cl,g(mu + m/m))

1
< C11C12(U(Qm, Giza(e)) + E +m) exp(Cy 2 (M +m/m)).
Using induction and the equality U(Qm, Gri1(€)) = 0, we get,
1
U<va G1<€)) S Cl(; + m) exp(C’l(m,u + m/m))a

for Cl = n(CLlCLg)". ]

We now estimate the expected time to leave Bl., and show that P2 holds.
Notice that if ¢ < A, then in any state in BI., and for any node ¢, either
node i is not reached, or node i is reached and b is the unique best reply of

i. Therefore, the proportion of b° will decrease only by mutation.

Proposition 5.4. Let 0 < &1 < €9 < A. Then there exists a constant
Cy = Cy(Tye9 — £1) > 0 such that U(w, Qm \ G1(e2)) > Ca(m/u) for every
w € G1 (51).

5We may assume without loss of generality that Cip>1land Ci 2> 1.
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Proof. For every w € Gy(g2), and every i € N, we have P,[Y(©) > Y (w) +
1/m] < P,[YH(®) > Yi{(w) + 1/m;] = 0, and P, [V (@) > Yi(w)] < asu
(by (5.7), (5.9), and (5.6)). Let Z(w) = maxen Y'(w); then P,[Z(0) >
Z(w)+1/m|=0and P,[Z(®) > Z(w)] < nagu. Therefore, for every z < A,
a move from Z(w) = z to z < Z(w) < z + 1/m takes, on average, at least
1/(nasp) periods.

As Z(w) < gy for every w € Gi(e1) and Z(w) > e; for every w ¢ G1(e2), a
move from G(e1) to Qm~\ G1(g2) takes on average at least (9 —e1)m/(nagp)

periods, or U(w, Qm \ G1(g2)) > Ca(m/u) for every w € G1(e1). O
Now we can prove Theorem 4.1:

Proof of Theorem 4.1. Without loss of generality assume that ¢ < . Us-
ing Proposition 5.3, there is a constant Cy such that U(Q,, G1(c/2)) <
C1(1/p + m) exp(Cy(mu + m/m)). Using Proposition 5.4, there is a con-
stant Cy > 0 such that U(w, Qm \ G1(g)) > Ca(m/u) for every w € G(g/2).

By Proposition A.5 we have

1/p+m) exp(Cy (mp + m/m))
Co(m/p)

) exp(Ch(Tp + )

< molcn () X

<g(i+
_sz H

<0+ ep(Cumyexp(C)),

m

313

forC':C'l(1+1/Cg) ]
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A Appendix: Some General Results on Markov

Chains

In this appendix, we prove a few general propositions on Markov chains.

Lemma A.1. For every Q1,Q C Q, and w € Q, we have U(w,$s) <
Uw, ) + U2, Q).

Proof. Let Ty = T'(2;) and define 7o = min{t > T} : X; € Qs}; then Ty >
T(€Qy). By the strong Markov property (see Revuz [5, Chapter 1, Theorem
3.5]), we have for any t, P[Ty, = T1 +t | Xo = w|] = >_ cq, PIX1, = ' |
Xo = w] - P[T(Q) =t | Xo = &]. Therefore, U(w,Qy) < E[Ty | Xy =
wl = E[T [ Xo = w]+ Y cq, P[Xn =" [ Xo = w]- E[T() | Xo = w] <
Uw, ) + U2y, Q). O

Let Q be a finite state space, and let { H;,} ; be a partition of 2. Using
the notations introduced in Section 5.1, we can now prove the propositions

we need about transition times.

Lemma A.2. For all1 < k <[ < K we have U(H}, A;) < Zi:k U(H;, A;).
Proof. Let 1 <[ < K; we will use induction on k. For k = [, we have
U(H;, Ax) = U(H,, A;). Let k < 1. Since U(Ay, Ax) = 0 and U(Hy, Ax) > 0,
we get U(Ak U Hk, Ak) = max {U(Ak, Ak), U(Hk, Ak)} = U(Hk, Ak) There-
fore, using Lemma A.1 and induction, we get

U(Hl,Ak) < U(Hl,Ak U Hk) + U(Ak U Hk,Ak)

l
U(Hla AkJrl) + U Hk7 Ak Z Hza A Il
i=k
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Proposition A.3. Assume that for all1 < k < K there are constants fr > 0
and g, such that Q(w, Ax) > fr and Q(w, By) < gi for all w € Hy. Then
K ooq kol g Ko Ko g
U(Q, Hy) < —JTa+2yl < — 1+ 2.
@) <3 g0+ Pl < (T ) [TTa+H)

1 =1 1R

Proof. For every 1 < k < K, let uy = U(Hy, Ag) and vy = ug + - -+ + ug,

and let v 1 = 0. By Lemma A.2, for all 1 < k < K we have U(By_1, Ay) =

Let wy € Hjy such that U(Hy, Ar) = wuy is attained at wy, ie., up =

U(wg, Ag). As wy ¢ Ay, we have, first for k = K,

UK = 14+ quK,wU(w, Ak)

we

=1+ > Qoo (@, Ak) + D GupwlU(w, Ax)

weH K wEAK

<1+ U(Hk, Ax)Q(wrk, Hk) + 0

< 1+UK(1—fK) = 1+UK+19K+UK(1_fK)7

and for 1 < k < K, we have

Up = 1 + Z ka,wU(WvAk) + Z ka,wU<wa Ak) + Z ka,wU<wa Ak)

w€EBy, weHy wEA

<1+ U(Bg, Ag)Q(wk, Br) + U(Hy, Ax)Q(wg, Hx) + 0
<1+ U(Bg, Ar)Q(wr, By) + U(Hy, Ax)(1 — Q(wp, Ar))

< 14 vgpagr + ur(1 — fr).

After rearrangement we have u, < 1/fy + (gr/fe)Vki1, OF Up = up +
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Vg1 < 1/fe + (14 g/ fr)ver1. Applying backward induction on k, starting
with vy = 0, we get v; < Zk 11/ fe ( +a/fi)|- As U(Q,Hy) =
U(Bo,A1><U1, andH (1+gl/fl)<H (1+gl/fl) for aHlSk’SK,

we complete the proof. O

Remark A.1. In the proof of Proposition A.3 we use the inequality vy <
1/fx, and of all the assumptions on the one-step transition probabilities on

Hy we only need the assumption that vg is finite.

Corollary A.4. Using the notations in Proposition A.3, with the assump-
tions on the one-step transition probabilities only on Hy for 1 < k < K, we

have

U(Q, Hy) < (U(Q, O~ Hg) + KZI %) [Iﬁl ]

k=1 1=1
Proof. If v = U(Q,Q N\ Hg) = 00, the claim is trivial. Otherwise, let fx =

1/vk. Using Proposition A.3 and Remark A.1 we complete the proof. O

Remark A.2. For Hx = ¢, we have U(Q,Q \ Hg) = U(Q,Q) = 0, and,

therefore, using the partition {H;}+ ', we get

1 - a1 1
U(Q, Hy) < k:1ﬁ)l:1(1+ﬁ)§(U(Q,Q\HK)ij:lﬁ)[l 1+2 ]

Proposition A.5. Assume that the Markov chain is irreducible and aperi-
odic with an tnvariant distribution w. Let Q3 C Q9 C Q and let C; and
Cy > 0 be constants such that U(Q, Q) < Cy, and U(w,Q \ Q) > Cy for
every w € Qy. Then w[Q N Qs < 7[Qs] - C1/Cs.

Proof. Let X = (X;)2, € QY. Let Ty = To(X) = 0 and define suc-

cessively for n > 10 Ty, = Top1(X) = min{t > Tp, o : X; € O} and
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T2n = TQn(X) = min {t > T2n71 . Xt €0~ QQ}
For every t > 1 define: H; = Hy(X) = max{n: Ty, < t}, Q: = Qu(X) =
(1/t) Zfz_:lo 1{Xn692} and Py = Pt(‘X) - (1/t) Zi_:l() 1{XnEQ\Q2}'

Then for every ¢

t—1 1 T —1 t—1
Z lixneanany = 7 [ Z Lixpeaaqoy + - + Z Lix., eQ\QQ}}
n=0 n=Top,
1 s Tn _Tn
E[Tﬁ A+ (Tom,—1—Tom,—2) +(Ton, 41— Tom,)] = 2z { 215 — 2)7
1 t—1 1 T —1 t—1
- ; Z 1{Xn692} = Z |: Z 1{Xn692} +oee Z 1{Xn€§22}]
n=0 n=0 n=Top,
1 M (T — Ton
;[(T2 )+ -+ (Ton, — Ton,—1)] = 2nzi zt 2 1).

If {X;}2, is distributed according to @, then for every X, we have
limy oo B[P | Xo] = 72\ Q) and limyo E[Q: | Xo] = 7). By the
strong Markov property, we have E[Ty, 1 — Ton_o] < U(£,€;) < C and

E[Ty, — Ts, 1] > C5. Therefore,

Ht+1

Sy Ty

T[QNQs] = lim F[R] < lim F (Ton—1 = Ton-2)
t—o0 t—o00 t

t—o0 t t—o0 02 t—o0 t

C Z (T2n T2n—1) Cl T Cl
< — .
lim E[ ; ] G th_glo E[Q:]= 027T[Q2] O

9 t—o0
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