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Abstract

Within this series of papers we plan to exhibit to any noncooperative game
in strategic or normal form a ‘canonical’ representation in extensive form that
preserves all symmetries of the game. The operation defined this way will
respect the restriction of games to subgames and yield a minimal total rank
of the tree involved. Moreover, by the above requirements the ‘canonical
extensive game form’ will be uniquely defined.

Part I is dealing with isomorphisms of game forms and games. An auto-
morphism of the game is called motion. A symmetry of a game is a permuta-
tion which can be augmented to a motion. Some results on the existence of
symmetry groups are presented. The context to the notion of symmetry for
coalitional games is exhibited.
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0 Introduction

This paper is the first part of an investigation which is devoted to the study of the
relationship between a game in strategic form and its possible representations by extensive
games. (A representation of a strategic game G is an extensive game I" whose normal
form is G.) We should emphasize that our starting point is a game in strategic form. The
transition from the extensive form to the strategic form as defined by VON NEUMANN
and MORGENSTERN (1944) has already been investigated extensively (see KOHLBERG
and MERTENS (1986) for a recent treatment of this topic). The transition in the opposite
direction is considered ‘trivial’ and conceptually straightforward. It is the purpose of
our work to show that this is not true: The choice of a method of representation of
strategic games by extensive games which respects symmetries of strategic games leads to
difficult conceptual problems and deep mathematical results. Some of the problems will
be illustrated by the well known example of the Battle of the Sexes.

Example 0.1 Consider the following version of the Battle of Sexes

(see, e.g., MYERSON (1991, p.98) for a verbal description of the game). Here C is going
to a concert and S is going to a soccer game. Player 1 is the wife and player 2 is the
husband. There are two potential focal equilibria in this game: (C,C) and (S,S) (see the
beautiful discussion in MYERSON (1991, Section 3.5)). Now, according to the present
standard convention of game theory one can represent G by an extensive game in the
following two different ways (see Figure 0.1).

(2,1) (0,0) (0,0) (1,2) (2,1) (0,0) (0,0) (1,2)
Figure 0.1: Two representations

The foregoing convention which leads to multiple representations has the following two
problematic aspects.



(1) The transition to the extensive form might influence focality. Consider the extensive
game I';. It is common knowledge in this game that player 1 moves first. Therefore
she has the option to choose C before player two makes his choice. Thus, it seems
to us that in I'; the pair (C, C) of strategies is more likely to be played than (S, S).
Our feeling is supported by the experimental work of RAPOPORT (1994). Clearly,
in 'y the pair (S,.S) may be the dominant focal equilibrium rather than (C,C).

(2) The transition to the extensive form may destroy symmetry. The game G is ‘sym-
metric’ in the following sense: It has an automorphism which permutes players 1
and 2 (for a definition of automorphism, i.e. an isomorphism of G to itself, see
HARSANYT and SELTEN (1988, Section 3.4)). This automorphism is given ex-
plicitly in our Example 3.6 (1). However, I'; and I'y are totally asymmetric; more
precisely, if I' = T'; or I' = I'y, then there is no non-trivial automorphism of I' that
respects the temporal ordering of moves in I'.

The discussion in the last paragraph leads naturally to the following basic question:

Let G be a game in strategic form. When is G ‘symmetric’? (In particular, is the Battle
of Sexes a symmetric game?)

Quite surprisingly there is no satisfactory answer available to this question. If we follow
our mathematical intuition and define a strategic game G to be symmetric if all possible
joint renamings of players and strategies are automorphisms of G (see HARSANYT and
SELTEN (1988, P.71) for the precise definition of renaming), then the class of symmetric
games reduces to the trivial class of all games whose payoff functions are constant and
equal. Also, this definition is incompatible with the definition of symmetric bimatrix
games (see van DAMME (1987, p.211)).

Our answer to the basic question is indirect. A symmetry of G, according to our definition,
is a permutation 7 of the players for which there exists an automorphism o = (7, ¢) of G
(here ¢ is a renaming of strategies which is compatible with 7). Thus, our definition of
symmetries (of strategic games) is different from that of HARSANYT and SELTEN (1988,
p.73). The game G is symmetric if every permutation of the players is a symmetry of
G. Thus, in particular, the Battle of Sexes is symmetric according to our definition. Our
definition has the following desirable properties.

(1) The class of symmetric games is a nontrivial interesting class.

(2) It is possible to use similar ideas to define symmetries of extensive games (see
Definition 3.16).

(3) It is possible to compare the symmetry groups of a strategic game and its coalitional
form (see Theorem 3.11).

As far as we could check, symmetries of games in extensive form which preserve the partial
ordering on the nodes that is induced by the game tree were not considered previously.
Thus, our treatment of symmetry groups of extensive games is entirely new.
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We now present our solution to the problem of representing the Battle of Sexes by an
extensive game.

(2,1) (0,0) (0,0) (1,2) (2,1) (0,0) (0,0) (1,2)
Figure 0.2: The ‘canonical Battle of Sexes’

The above representation is faithful because, according to our definitions, it has the same
symmetry group, namely > ({1,2}), as the Battle of Sexes. Also, it is quite obvious that
it has ‘minimum’ graph in the class of all faithful representations (of the Battle of Sexes).

Our goal in this work is to generalize the foregoing construction to all finite strategic
games. This task turned out to be very difficult. We just mention here two of the highest
hurdles.

(1) Consider a 2 x 3 two-person game. Such a game has no symmetries. Therefore,
there is no hope to find a ‘canonical’ representation just for this game. Thus, we
have to add the requirement that our representations of 2 X 3 games are consistent
with our representations of 2 x 2 games. Formally, the only way to get canonical
representation is to consider mappings from game forms to extensive game forms,
that are defined on rich enough domains.

(2) Given a ‘square’ n-person strategic game form, that is a game form with the property
that all the players have the same number of strategies, it is not clear how to find
for it a minimal and faithful representation. (Observe that a square game form
allows for complete symmetry between the players.) When the number of players
is greater than two, then there is no obvious solution to problem of representing
square game forms. Indeed, we started with the simplest (‘atomic’) representations
of square game forms and built ‘symmetrizations’ of such ‘atoms’ in order to obtain
faithful (i.e., symmetry-preserving) representations.

We now review the contents of the paper. Game trees and their isomorphisms are pre-
sented in Section 1. Isomorphisms respect all partitions as well as the partial ordering
of the tree. Section 2 introduces strategic and extensive preforms. A strategic preform
specifies only the set of players and the strategy sets. Extensive preforms, similarly, spec-
ify only the set of players and the game tree. The definitions of strategic and extensive
games and game forms are also reviewed in Section 2.

Isomorphisms of strategic and extensive preforms, game forms, and games are introduced
in Section 3. Our definition of isomorphisms of extensive games seems to be new. An
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automorphism of a game G is called motion. A symmetry of G is a permutation of the
players that is applied by some motion. After defining formally the symmetry group of a
game we present some results on existence of symmetry groups.

The existence of canonical representations of game forms will be investigated in Part II.

1 Prerequisits

The structure of strategic games and game forms will be discussed in Section 2. As
for extensive games and forms some prerequisites are necessary which we will deal with
presently. Most readers familiar with the topic could just browse or entirely skip this
section.

We start out with a pair (E, <) where E is a finite set (the nodes) and < is a binary
relation on E such that (E, <) is a tree. The root of the tree is denoted by zy, the
generic element is £ and the set of endpoints is OF. A play is a sequence

r = (IE(), L1y -eny IET)

satisfying z; < z;11 (1 =0,...,T — 1), such that z, is the root and zr € OF holds true. A
path is a sequence of consecutive nodes.

The distance of nodes is measured by the rank function defined via r(zy) = 0 and
r(&) =r(€)+1if &€ < &. Then the nodes

{f | T(f) = t} =: 'C(E7'<7t)

constitute the level t; thus L is the level function. In addition we shall employ the
notion of maximal rank

Tmaz(E, <) :=mazx {r(§) | £ € E}

as well as the one of total rank

R(E,<)= > r(&).

ECOFE

An extensive game (form) is also formulated with the aid of partitions; we introduce three
partitions as follows:

P is the player partition (a partition of E — JF). The names of the players will be
assigned later (Section 2); however, we assume that there is a distinguished element
Py € P (which may be the empty set) representing the chance mowves. All other
player sets are assumed to be nonvoid. Let p = (p%)¢cp, be a family of probability
distributions (of chance moves), i.e., let p® be a probability on the successors of &
for every £ € Py. We assume that p¢(¢') is positive for every successor &' of £.
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Q represents the information partition. Q is a refinement of P; thus an element
Q@ €Q, Q C P,is an information set of the player who commands the elements
of P. In particular it is required that Q refines P to singletons, that is,

QeQ,QCP = Q={& for some £€E.

Also, any two elements £, &' € @@ € Q belonging to the same element @) of Q should
have the same number of successors. Moreover, every information set contains at
most one node of any play.

C is a family of partitions representing choices. This item refers to the above defined
structures (E, <), P, Q. Denote by

C) = {£1&<¢} (1.1)
the successors of £ € E and write for Q € Q
c@ = | . (1.2)
geq

Now we assume that for any @@ € Q we are given a partition C(Q) of C(Q) such
that

S e CQ) = [SNCE) =1 ((€Q).

(We use (£ € Q) to indicate the quantification ‘for all £ € Q’.)
Now C := (C(Q))geq denotes the system of choices.

We will refer to the structure (E,<,P,Q, C,p) as to a game tree. In addition we shall
omit Q or p respectively, if P = Q or Py = () respectively. That is, we simplify the
notation accordingly, if players have but one decision or there are no chance moves.

Now we continue by defining various operations to be performed on game trees. To this
end let (E, <) and (E’, <') be trees and consider a bijective mapping ¢ : E — E'.

We shall say that a bijective mapping ¢ respects (<, <') if

§=n= 8§ < ¢(n) (1.3)
holds true.

Similarly, if P and P’ are partitions of subsets B of F and B’ of E’ respectively, then we
shall say that a bijective mapping ¢ respects (P,P’) if, for all P’ € P’ it follows that
¢~ (P") € P and also ¢~'(B’) = B hold true.

Thus, if we want to consider game trees, it is clear in which way a mapping respects
the player partition and the information structure. To respect the decision structure is a
property defined in a straightforward way.



Definition 1.1 A game tree (E,<,P,Q,C,p) is isomorphic to a game tree
(E', <", P, Q',C'p') if there is a bijective mapping ¢ : E —> E' (an isomorphism
between the game trees) which satisfies the following properties.

(1) The mapping ¢ respects (<,=<"), (P,P’), and (Q,Q’).
(2) $(Po) = Py and p?O(¢(¢")) = p*(€') holds true for £ € Py and €' € C(§).

(8) For Q € Q the mapping ¢ respects (C(Q),C'(Q")), where Q' € Q' is the unique
information set which satisfies $(Q) = Q'.

Note that (2) makes sense in view of (1), the bijectivity of ¢, and the underlying tree
structure.

2 Forms and Games

There is a definite hierarchy within which we want to approach both ‘versions’ of a game,
the strategic one and the extensive one. This hierarchy is characterized by the concepts
of preform, game form, and game.

The preform is the pure underlying structure listing the environment of the players’ ac-
tions.

Definition 2.1 A strategic preform is a pair e = (N, S), where N is a finite set (the
set of players, | N |> 2) and S = [I;cn Si is the product of finite sets S; # 0 (i € N) (the
strategy sets).

Thus, the strategic preform determines just the players and the domain of the payoft
functions to be completed later.

Analogously, the extensive preform is described by an environment as follows.

Definition 2.2 An extensive preform is a tuple
€= (N7E7 _<7P7Q7 C7p; L) (2'1)

where N 1s as in Definition 2.1 and the next six data have been described in Section 1.
Moreover, 1 : P—{Py} = N is a bijective mapping; v assings the nodes of P € P —{ Py}
to t(P) € N, naturally we use 1='(i) = P; to refer to these nodes.

In order to discuss the concept of a game form, we assume that an abstract set of outcomes
A is defined, together with a mapping A which specifies the outcome corresponding to the
choice of every strategy profile by the players.



Figure 2.1: An extensive preform

Definition 2.3 (1) A strategic game form is a quadruple g = (e; A, h) = (N, S; A, h).
Here e is a preform, A a finite set (the outcomes) and h : S — A is a surjective
mapping called outcome function. g is called general if h is a bijection.

(2) An extensive game form is a tuple
v=(64,n)=(N,E,<,P,Q,C,p;; A,7). (2:2)

Here again, € is an extensive preform and A is a finite set while the surjective
n: 0E — A assigns outcomes to endpoints of the graph (E, <).

Figure 2.2: An extensive g me form
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